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Vertex operators of GY) and BI’) 

Yichao Xu?  and  Cuipo Jiang$ 
+ Institute of Mathematics, Academia Sinica, Beijing, 100080 China 
$ Department of Mathematics, Yantai Normal College, Yantai, Shandong, 264000 China 

ReceiLed 7 November 1989 

Abstract. The vertex-operator construction is given for the level-one representations of the 
affine Kac-Moody algebras C y ’  and BI”. 

1. Introduction 

It is well known to us all that Frenkel and  Kac [ l ,  5 ,6]  and Segal [2] have constructed 
the level-one representations of affine Kac-Moody algebras Ai”, Di”, E:’, E;’), E:” 
by means of vertex operators. In 1986, Goddard et al [3] also gave the level-one 
representations of B:”, C:”, G;’’ and Fk” by vertex operators. On the other hand, 
Lepowsky and  Prime [4] introduced another set of vertex operators in 1984, by which 
they constructed a level-one representation of B:’) as well. 

In this paper, we introduce some new vertex operators (see (2.15), (2.16), (3.1) and  
(5.14), (5.15), (5.18)) which are different from all those in [3,4]. By using these 
operators we construct the level-one vertex representations of G:” and B:’), prove 
them to be the direct sums of irreducible subrepresentations, and  also give their 
representation spaces. 

2. Some lemmas 

Let H denote the Cartan subalgebra of the finite-dimensional simple Lie algebra B, 
over C, and let H* be the dual space of HR. Then there exist the normal orthogonal 
basis e , ,  . . . , e, and the inner product (a ,  b ) ,  such that the short root system As = 
{he,, 1 s  i s l }  and the long root system AL=(*e ,+e , ,  *e,-e,, 1 s  i < j S l } .  We have 
(A ,+  AL)  n A c A L ,  ( A L +  As)  n A c A s ,  ( A s +  As)  n A c A L .  

The simple root system I3 = { e ,  - e > ,  . . . , e , - ,  - e,, e , } .  
Let a ,  = e ,  - e , ,  . . . , a,-, = e , - ,  - e,, a, = e, ,  so the root lattice 

Lemma 2.1. Suppose that the mapping p :  A s +  L satisfies the conditions 
(i)  p ( a )  = p ( a  + b ) ,  V u  E A s ,  b E A L ,  a + b E A; 
(ii) ( a , - a ) + ( p ( a ) , p ( - a ) )  is an  even number, V U E A , ;  
(iii) ( a , b ) + ( p ( a ) , p ( b ) )  is an  odd number, Vu,  b E A s r  a + b ~ A ;  
(iv) (a ,  b)zl(p(a) ,p(b)) l ,va,  a + b G { O } u A ,  

then p ( a )  = e, where e is any fixed element in A s .  

0305-4470/90/l43105 + 17$03.50 0 1990 IOP Publishing Ltd 3105 
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Proof: Forshor t roo t  e, ,  we have ( * e , - e , ) + e , = * e , , i < l  and ( - e , - e , ) + e , = - e , .  By 
(i)  we proved that p ( a ) = e , V a E A , ,  where e E L .  But 2 = ( a + b , a + b ) = 2 + 2 ( a , b ) ,  
i.e. (a ,  b )  = 0, Vu,  b E As,  a + b E A L .  By (iii), we know that ( e ,  e )  is a positive odd  
integer, hence (ii) holds. Finally, let a = * e , ,  b = *eJ,  if a + b # 0, a + b 5 A, then 

U a = b = * e , ,  so ( e ,  e )  = 1 by (iv), i.e. e is a short root. 

For convenience, we only discuss the case when e = e, in the following. 

Lemma 2.2. If the mapping E : L x L +  { i l }  defined by 

where 

E (  e , ,  e , )  = 1 1 s i ~j 6 I & ( e , ,  e , )  = - & ( e , ,  e , )  i < j  (2.3) 

then we have 
(i)  ~ ( a , b ) & ( a + b , c ) = ~ ( b , c ) ~ ( u , b + c ) , V a ,  b , c E L ,  
(ii) &(a, - a )  = -1, V u  E AL, 

(iii) & ( a ,  - a )  = 1, V u  E As,  
(iv) &(a ,  b ) & ( b , a ) = - ( - l ) ' " ~ b ' , V a , b E A S , a + b # O ,  
(v )  & ( U ,  b ) ~ " , ~ ) = ( - l ) ' " , ' ' , t l a ~ A L ,  b ~ h ,  a + b # 0 .  

Proof: By (2.2), both (ii) and  (iii) are true, and 

e ( a + b , c ) = ~ ( a , c ) ~ ( b , c )  &(a ,  b + c )  = & ( a ,  b ) & ( a ,  c)  

so (i) holds. Let a = X . ] = ,  m , e , , b = X : = ,  n,e,, then 

&(a ,  b),c(b, a )  = ( - l ) ' ' , h ) T ' Z m , ) ' L n i ) .  

If a E A L ,  then 2 m, = 0, (mod 2);  if b E As then X m, = 1, (mod 2 ) ,  so (iv) and  (v )  
are true. 0 

Let a ; ,  . . . , a,", and e, ,  V u  E A be the Chevalley basis of B,, and  the multiplication 
table is 

[ a : ,  a; ]  = o  [ a : ,  e , l = a ( a : ) e ,  [ea,  e - , ]  = - y - ' ( a )  V U  E A L  

[ear e - , ]  = 2 y - ' ( a )  a E [ e a ,  e,,] = &(a ,  b)e,+h V u  E A L  b, a + b E A 

[ e , ,  e,,] = 2 ~ ( a ,  b)eoth  Vu,  b E AS 

[ e a , e b ] = O  V a , b € A  O # a + b C h  

where &(a ,  b )  is defined in lemma 2.2, so we have &(a,  b )  = - ~ ( b ,  a ) ,  and y :  H + H*, 
such that 

a + b E A 

y ( a : ) = a ,  l S i < l  y ( a ; )  = 2 a ,  (2.4) 
then 

( U ,  b )  = b ( y - ' ( a ) )  Vu,  b E H* (x, Y )  = y(x)(y) Vx, y E H. ( 2 . 5 )  
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Since affine Lie algebra B)" has a basis c, d, t" 0 a : ,  1 i I ,  t k  0 e,, Vu E A, where 
k c  2, and  
[ c , d ] = O  [c, t k O x ]  = o  [ d ,  t k @ x ] =  k ( t k 8 x )  VX E B, 

[f'8 ? - ' ( a ) ,  t k @  y - ' ( b ) ]  =js , , -k(a ,  b ) c  
[ t'G3 y - ' ( a ) ,  t k 8 e h ]  = ( a ,  b ) t ' + k O e h  U E H *  b E A  

[ t' 0 e,, t A 0 e- , ] = E ( a, -a  ) ( t '+ o y - I (  a ) +jaJ,- c)  

Vu, b E H* 

Vu E A ,  

[ tJ o e,, t k  o e-,  3 = 2,s (a, - a  ) (  r'+" o y - l (a  + jS , , -kc )  VU E As 

[ f ' O e , ,  t k O e h ] =  &(a,  b)r 'TAOe ,+h  
[ t' 0 e,, t k  0 eh]  = 2 ~ (  a, b )  P k  0 eorh 

[ t J @ e a ,  t k @ e h ] = O  Vu, b E A  a + b C A u { O }  

Vu E A L  b, a + b E A 

Vu, b E As b, a + b E A 

where j ,  k E Z and s,,, is the Kronecker symbol. 

each = = e o - h  Vu, b E L, 
Introducing e' for all C E  L, and 

(2.6) 
then 

eL={e ' lVcE  L }  (2.7) 

is an  Abelian group, its group algebra over C denoted by C{L} .  
Denote 

h , ( n ) =  r " @ y - ' ( e , )  l s i < l  n E Z  (2.8) 

h l (n /2 )  = t "  'O y - ' ( e , )  n E Z  (2.9) 

(1, h , ( n ) ,  . ' ' 3 k l ( n ) ,  h ( n / 2 )  (2.10) 

Let S(S-) be the symmetric tensor algebra generated by S-, its product denoted by 
v , hence S(S-) is a commutative associate algebra. Let 

(2.11) 

then V has a basis which we shall always denote in this paper by UOe ' ,  c E L, where 
U is among the following: 

and S- is the linear space over C with the basis 

Vn E Z- - {O)}. 

v = S(S-)O c{ L }  

v = l  o r  U =  h , , ( n , )  v . . . v h , ( ( n , )  (2.12) 

here r = 1 ,2 , .  . . , 1 
n, E tz- - (0) .  

complete space 

i, . . . s i, s 1. When i, # I ,  then n, E Z - -  {0}, when i, = 1, then 

The formal linear combination of infinite elements of the basis in V generates the 

( i )  let co be the identity operator on V ;  
(ii) do( u 0 e' ) = deg(v 0 e ' ) (  U 0 e ' )  

( i i i )  E , ( u O e ' ) = ~ ( a ,  c ) ( u O e ' ) ;  
(iv) H , ( O ) ( u O e ' ) =  (c, e , ) ( z ; O e ' )  

of V. We give some oeerators in the following: 

where deg( 1) = 0, and deg( u 0 e ' )  = 
E:=, n, - 2 c ,  c ) ;  
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n 
where h , ( (n , )  means h, , (n , )  does not appear in that term. 

By direct computation, we have the following results. 

Lemma 2.3. [ H , ( m ) ,  H , ( m ) ]  = n6,!,-rt(e,, e,)c, ,  where n and m are chosen as in (4).  

(2.13) 

(v)  Let z be a complex variable, denote 

z(a, z ) ( v @ e ' )  = Z ( a . ~ ~ l + 2 ' o . ~  J &(a ,  c ) ( u O e " + ' )  V U € A  (2.14) 

(2.15) E * ( a , z ) = e x p  c - z  *l 1 2 n  a ( T n ) )  (,,Il n V a c A  

(2.16) 

then we have the following lemma. 

Lemma 2.5. Suppose that z and CI' are the complex variables, then we have 

Proof: By (1..5), we have 

p ! q !  mini  p.q I 

a(n)Pb(-n)4  = n ' ( a ,  b) 'b ( -n)P- 'a (  U)"' 
, = O  i ! ( p - z )  ' ! ( q - i ) !  

therefore we can prove this lemma by the direct computation. 
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3. Vertex representation of B'," 

Dejinitzon. Let z be a complex variable, and  

~ ' ( a ,  z ) E - ( a ,  z ) Z ( a ,  z ) e o ,  X ( a ,  z )  = 
V u  E A, 
V a E A s .  (3.1) i -F+(e,, z ) F - ( e ( ,  z ) E ' ( a ,  z ) E - ( a ,  z ) R ( a ,  z ) E , ,  

The Laurent series of the operator X ( a ,  z )  is denoted by 

X ( a ,  z )  = 1 ( X ,  2 ( a ) ) ~ - n .  
-. 

n = - 1  

The X , , ( a ) ,  V n  E Z are operators on V, called the vertex operators of a. 

Theorem 1. Affine Lie algebra BJ" has a linear representation (V, p )  such that 

P ( C )  = CO p ( d )  = do p ( r " 8 y y ' ( e , ) ) =  f - f , ( n )  l s i s l  (3.2) 

p ( t " 3 e e , )  = X , ( a )  v u  E A. (3.3) 

Dejinrtion. Linear representation ( V ,  p )  is called vertex representation of BJ". 

Proqfoftheorem 1.  By the multiplication table of Bj", we only prove 

2 
[ x , ( a ) ,  x A ( - a ) ] = -  ( a, - 0  )( a (1 + k )  +16, - ACO)  

(a ,  a )  
U €  3. (3.4) 

[ X J ( a ) , X , ( b ) l = ( 2 + ( a ,  b ) ) ~ ( a ,  b)X,+,(a,  b )  a , b , a + b ~ A  ( 3 . 5 )  

[ X ,  ( a ) ,  X , ( b ) l =  0 ( 3 . 6 )  a, b E A,  a + b C A V  (0). 

Denote 

Y ( a ,  b ;  2, zo) 

F+(P ,  z ) F - ( q ,  z , )F-(p,  z ) F - ( q ,  zo)  = ( v q ) l P P i - ( Y J i  

X E' (a ,  z ) E ' ( b ,  z,)E ( a ,  z ) E - ( b ,  z , ) ~ ( a + b ,  ZO)&e,+h (3.7) 

Y ( a ,  b ;  z, zo) 

where ( i )  a E A L ,  p = 0, ( i i )  a E A s ,  p = e,, (iii) b E A ,  , q = 0,  (iv) b E A s ,  q = e,, and let 

f r ( a ,  b ;  z, zo) = z ~ ~ - ~ Z 0 2 ~ ~ h ~ ( z Z ~ ~ ) i ~ . [ ~ ~ T ~ ~ ~ 1 r J  ( - Zo)ia.hJ ' i  P.41 ( z  + z o )  1 a h  1 - 1  P 4 

then we have 

z z " - ' X ( a ,  z ) X ( b ,  z , , ) ( u O e ' )  = & ( a ,  b ) f r ( a ,  b ;  z, z , ) ( cOe '  

z 2 " - ' X ( b ,  z , , ) X ( a ,  z ) ( u O e ' )  = e ( b ,  a ) ( - l ) ' ' ~ h i T i p ~ q l f r ( a ,  b 

On the other hand, we have 

& ( a ,  b )  = ~ ( b ,  u ) ( - l ) ' " , b i T ' p . q '  Vu,  b e  

by lemma 2.2, therefore 

[ X , ( a ) ,  X ( b ,  z o ) l ( u O e ' )  

=Res,=,, z"' IX,(a,  z ) X ( b ,  z o ) ( u O e r )  

-Res,,,, z ' " - ' X ( b ,  z,,)X,,(a, z ) ( u @ e ' )  

1 
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where n E Z, a, b E A, and z, zo are two independent complex variables. It is well known 
that 

[ X , ( a ) ,  X ( b ,  z ~ ) l ( u O e ' ! = z a \ / ~ - i  &(" b ,  J ( a ,  b ;  z, z , ) ( u O e ' )  dz  (3.9) 

where D = { z ~ C I 0 < r , , < ~ z / < r , }  such that r,<lzo/<r,.  
If a E A L ,  then p = q = 0,  ( r ,  a ) €  Z, V r  E L, and 

f , ~ ~ ,  - a ;  z ,  zo)  = z 2 n - l + Z ( o . r )  zo 2 - i o 3 r l  ( z - z D ) - 2 ( 2 + z o ) ~ 2 Y ( z ,  - 2 ;  z, Z " )  

then we have 

[ X n ( a ) ,  X ( - a ,  Z o ) l ( ~ @ e ' )  

d 
dz 

= E (a ,  -a  ) - ( z - z o )  ' J  1 .i = zc,( v @ e' ) 

d 
dz 

+ & ( a ,  - a ) -  ( z + z ( ) ) ' ~ / , = - , , , ( u O e ' )  

= &(a ,  - a ) ( n  + (a ,  r ) ) z ; " ( v O e ' )  

+ &(a ,  -a)zin( z ima( -m)  - a ( 0 )  ( u O e r )  
m = - x  ) 

= & ( a ,  -a ) (  m = - x  z : , ' m + " l o i - m ) + n z ; ~ ) ( c O e ~ ) .  

So (3.4) holds when a E A L .  
If a E A , ,  then p = q = e,, ( r ,  a )  E 2, V r  E L, and 

f i (a ,  -a ;  z, z,)= Z Z n ~ Z i o . r l  Z" I - 2 ( o 3 r )  ( z + z J 2 Y ( a ,  a ;  z, Z " ) .  

then we have 

+ z i n  z i m a ( - m )  ( u B e ' )  
m = - x  3 

therefore (3.4) holds when a E A s .  
When a, b E A and a + b f 0,  a + b E A, then f r  is not a singularity by lemma 2.1, 

therefore the integral is equal to zero, hence (3.6) holds. 
If a, b E A s ,  and a + b E A L ,  p = q = e, ,  in this case 

f , ~ ~ ,  b ;  z, zo) = Z 2 n + 2 ( o . r )  ZO - l -2 (o . r l  (Z-ZO)(Z+Z,)- 'Y(U,  b ;  Z ,  z"). 

then we have 

[ x n ( a ) ,  X ( b ,  z ~ ) l ( v O e ' )  = &(a ,  b ) ( z + z o ) f l , = , , ( u O e ' )  

= ~ E ( u ,  b ) z i " X ( a + b ,  zo) .  
So (3.5) holds when a, b E As and a + b E A L .  
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Finally, if a E A L ,  b E A s ,  and a + b E A s ,  then p = 0 and 4 = e,. In this case 

Z J ~ ' ~ . ~ ' ( Z - Z ~ ~ ) - I ( Z + Z O ) - ' Y ( ~ ,  b ;  Z, zti) I t 2 1  u . r i  L(a, b;  z, zti) = z -  

then we have 

[ X , ( a ) ,  X ( b ,  z o ) l ( u O e ' )  

= &(a ,  b)(z-z , )Ll .=, , , (vOe')+ &(a ,  b ) ( z + z o ) f , l , = - Z , ( u O e ' )  

= & ( a ,  b ) z i " X ( a + b ,  z 0 ) ( u 8 e r ) .  

So (3.7) holds when a E A L ,  b E A, and a + b E A,. This proves the theorem. 0 

Similarly, we can put p ( a ) = e , V a ~ A ~  where i i s  any one of 
1 , 2 , .  . . , 1, -1, - 2 , .  . . , -1, and we can make the vertex operators and the vertex 
representations as before. So there are 21 vertex representations of the affine Lie 
algebra B)". 

4. The weight system of the vertex representations of BJ" 

Let H I  be the Cartan subalgebra of B)", HT is the dual space of H I ,  then there exists 
a basis of H I  as follows: 

a ! ,  = d ai = c -ay  - 2 a ;  - .  , , -2a;- ,  - a ;  a ; ,  * .  . , a;  (4.1 ) 

(4.2) 

such that a , ,  . . . , a, form the simple root system. Since there exists a non-degenerate 
symmetric bilinear function such that e , ,  . . . , e, form part of its normal orthogonal 
basis, where 

and a basis of H T  in the following way: 

a- ,  7 a,, a ,  7 . a ' 5 a/ 

a ,  = e ,  - e, . . .  a,-, = e,-, - e ,  e, = e, (4.3) 
we therefore have the orthogonal basis 

E ,  = a- ,  + e,  - 1  e' --1 e - ,  =?a- ,  + a o  0 -  ,a-,+a, 

E, = a- ,  + e, e, = e, 3 ~ j S 1 .  

in HT, and ( E , , ~ , ) = l , j # O , ( E o , E o ) = - l .  
Now 

a - ,  = e-,  -eo 

a,= - E - , + E 0 + E 2 - E , =  e,-e, 

a3 = E3 - E4 = e3 - e4 

Suppose that y :  H I  + HT, y (a , " )  = a , ,  - 1  

a ,  = E ,  - t?> = e ,  - e ,  a - 3 -  1 -  O-,e- ,  -ze, 

. . .  a,-, = e,-, - e ,  = e,-, - e ,  a, = e, = e,. 

i < 1, y ( a r )  = 2a,,  then we have 

(4.4) 

(4.5) 

a ( x )  = (a, Y ( X ) )  (0 ,  b )  = b ( y - l ( a ) )  ( x ,  Y )  = Y ( X ) ( Y )  Vu,  bEHT . x , y ~ H , .  
(4.6) 

(4.7) 

The imaginary root system of Bjl'  is A,, = { k8/  k E Z - {O}}, where 
8 = y ( c )  = a. + a ,  + 2a, +. . . + 2al = - Se- I -  , + ;Eo + E ,  + E2 = ;E- , - :Eo + e ,  + e,, 
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We know that p ( H , )  has a basis d o ,  co,  H,(O), 1s iG I ,  so the root subspace 
decomposition is 

v =  c v, 
A E P ( V I  

14.9) 

performed by the operator set p ( H , ) ,  where P (  V)  c HT is the weight system of the 
vertex representation ( V, p )  of B',' ' .  

Lemma 4.1. The weight space V, has the basis v%le', where r E  L, and U = 1 or 
v = h , , ( n , ) v  . . .  v h , , ( n , ) ,  and 

A = a- ,  + r+deg(  vOe ' )6  (4.10) 

where deg(v) and r are uniquely determined by A.  

Boo$ Now that 

c o ( v O e r ) =  v O e '  

H,(O)(vOe')  = ( r ,  e,)(uOe')  

d,(vOe')  = (deg( v O e ' ) ) ( v O e ' )  

so vO e' is a common eigenvector of p (  H i ) ,  it belongs to weight space V,, where A E HT, 

Let A - r = xu-, + y6 + I;=, x,e,, we know A = xu-, + r +y6 by ( a - ,  , e,)  = 0 , l  s i G 1. But 

A ( d ) = d e g ( u O e ' )  A ( c ) =  1 A(y- ' (e , ) )=( r ,  e,) l G i s 1 .  

y ( c )  = 6,  so 
1 = A ( c )  = ( A ,  y ( c ) )  = ( A ,  8 )  = x 

d e g ( u O e ' ) = A ( d ) = ( A ,  y ( d ) ) = ( A , a  , ) = y  

i.e. A = a - , + r + ( d e g ( u O e r ) ) 8 .  On the other hand, if vOe', C O e ' E  V,, then r +  
deg(vOe')d = ?+deg(v'Oe')S, therefore deg(vOe')  = deg(C@e'), so we prove that 
? = r, hence deg( v )  = deg( C). 

Lemma 4.2. For any A E P( V) ,  we have A G a- ,  or A d a-,  + e,  -$6. 

BOO$ r = 
X f = ,  k , a , E L ,  k , E Z ,  then we havet(r ,  r ) = ~ [ k : + ( k l - k 2 ) ' +  . . . + ( k r _ , - k 1 ) 2 ] ,  therefore 

deg(vO e') = deg U -irk:+ ( k ,  - k2)?+.  . . + (k1 - k , ) ' ]  E 7-  or Z- -4 
A = a - ,  + r + deg( vO e r ) 6  

Suppose A = U - ,  + r + deg(uO e r ) 6  = a- ,  + r +  (deg v - ;( r, r ) ) 6 ,  where 

, 
= a-,  + 1 m,a, 

r = o  

where k ,  = 0. If deg( 00 e') E Z-, then mo, . . . , rn, E Z- by direct computation, therefore 
A a-1. NOW 

1 
A - (e ,  -46) = A +$(ao -  a , )  = a- ,  + 1 n,a, 

, = o  
if deg( uOe ' )  E Z- - f ,  then no , .  . . , n, are not positive numbers by direct computation, 

U so A G a-,  + e ,  -48. 
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Lemma 4.3. ( V ,  p )  is an integrable representation. 

f r o o j  Weknowthatthegeneratorsare lOe- , ,  tC'C3eo, 1 0 e , ,  1 0 e _ , , ,  1s i s  1,where 
8 = 15 - a, = e ,  + e ,  E A L  , 

p ( t O e - , )  = Xi( -@ p ( l 0  e , , )  = &(a , )  l s i < l  

p ( t - ' @ e , )  =x-,(e) p ( 1 @ e - ,  ) = X,( - a,)  1 s i s 1. 

By the definition of the integrable representation, we need to prove that for any x E V,  
there exists a positive integer N such that 

x,(-e) ' X  = 0 X , ) ( a , ) ' x = ~  l < i < l  (4.11) 

x- , ( e )  j'x = o X,(-a,) $x = 0 l S i S l .  (4.12) 

We may assume that x = U,@ e', where r E L. Let 
X 

X'(-a,, z )  = F ' ( U / ,  z ) F ( a , ,  z ) E + ( a , ,  z ) E - ( a / ,  z )  = c z'nX,m(-a/)  
m - - x  

then 

x( -u , ,  z ) ( u , @ e r )  = x'(-u, ,  z ) U O @ z i - 2 ' n ~ . "  &(-a , ,  r )  er - ' )  

so we have 

XI)( - a, )( uOO e I )  = E ( -a,, r )X i - 2 r  , ( -a,) uoO e' 

where ul = &(-a, ,  r)X~-2,u~,r,(-a,)u, , .  If v ,  # 0, then 

deg U ,  = deg U,)+ 1 -2(a, ,  r) .  

Let 

X o ( - a , ) A ( v , , ~ e r )  = u k O e r - k u l  k =  1 , 2 , .  . . 
if U , ,  . . . , uk # 0, then we have 

deg vk = deg uL-, + 1 - 2(al,  r - ( k  - l ) a , )  

= d e g  vk- , -2(a l ,  r ) + 2 k - 1  

thus 

deg t'k = deg Ull- 2k( a / ,  r )  + k' 
therefore we have proven that there exists a positive integer N such that uN = 0, hence 
X,(-a,)"( u , O e r )  = 0. 

0 Similarly, we can prove that (4 .11)  and (4 .12)  are also true. 

Lemma 4.4. f + n P (  V )  ={a- ,+deg(u)S ,  a - ,+e ,+ (deg(u ) - f )S} .  

ProoJ For any A E P ( V ) ,  then A = a _ , + r + d e g ( v O e ' ) S  by lemma 4.1. But A E Pi,  
then A ( a : ) ~ Z + , O s i s l ,  i.e. ( h , a , ) ~ Z + , O S i < l ,  and ~ ( A , u , ) E Z ' .  Suppose r =  
Z,= , m,e,, where m i ,  . . . , ml E Z. So we have m i  2 . . . z m, z 0 and ( A ,  a,) = 1 + ( r ,  a,) = 

0 

I 

1 - m ,  - m2 E Z', therefore r = 0 or  r = e , .  

Lemma 4.5. Only 1 0  e" and  1 0  eet  are the highest-weight vectors in the representation 
space V, 1 0  eo has the highest weight a- ,  and  1 0  eel has the highest weight a - ,  + e, -fS. 
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Proof: Let u = l  or u = u , v  . . .  vu ,v I? , ,  where u , = h , ( n , , ) v  . . .  v h , ( r ~ , ~ , ) , l s i s l ,  
n,,€Z---(O} and c l = h , ( - 2 n , + 1 / 2 ) v  . . .  v h , ( - 2 n y + 1 / 2 ) ,  n ,  , . . . ,  n,EZ+.  Since 

,f(a, Z ) E a ( u ~ e r )  = Z ' a , a ' + Z ' a , r )  &(a ,  r ) ( u O e ' + " ) .  

When a = a,  E A L ,  1 s i s  1 - 1 ,  then 

~ ( a , ,  z ) ( u O e r )  = E + ( u , ,  z ) ~ - ( a , ,  Z ) U O Z ~ + ~ ' " ~ , ~ )  &(a , ,  r )  e"-+' 

Denote 

CL = E + ( %  z ) E - ( a , ,  z ) ( u ,  v U,+,) 

= E + ( e l ,  z ) E - ( e , ,  z)v, v E+( -e ,+ , ,  z ) E - ( - e , + ,  , Z ) U , + ,  

therefore X,( a,)( u @  e ' )  is determined by the coefficient of in . $. Now, the 
degree of the lowest-degree term of z in E - ( e , ,  z ) u ,  is 2 deg(u,); the degree of the 
lowest-degree term of z in E - ( - e , + l ,  z )  is 2deg(u,+,) ,  hence X, (a , ) (u@e ' )=O if and 
only if 

(a , ,  r ) >  -deg(u,) -deg(u,+,)  l < i < l .  

When a = a, E As,  then 

~ ( a , ,  z ) ( u @ e r )  = F+(u , ,  z ) ~ - ( a , ,  z ) E + ( a , ,  z ) E - ( a , ,  z ) u @ z i + 2 ' a , . r )  &(a, ,  r )  er+"1. 

Denote 

CL = F'(ai, z ) F - ( a , ,  z ) E ' ( a / ,  z ) E - ( a / ,  Z ) U /  

therefore X,(a,)(  v 0 e ' )  is determined by the coefficient of Z-1-2ial,r ' in . 4. Now, the 
degree of the lowest-degree term of z in E - ( a , ,  z ) u ,  is 2 deg(v,); the degree of the 
lowest-degree term of z in F - (  a, ,  z)I?,  i s  2 deg( C,), hence X,( a,)( v 0  e ' )  = 0 if and only 
if  

(a, ,  r )  2 -deg v, - deg 6,. 
Now X , ( - e ) ( v O e ' ) = O ,  but 

x(-e, z ) ( u @ e ' )  = E + ( - 8 ,  z ) E  ( - 6 ,  z ) u @ z 2 - 2 i B ~ r i  &(-e, r )  er-' 

denote CL = E' ( - e , ,  z ) E - ( - e , ,  z )  v E'(-e, ,  z ) E - ( - e , ,  z )u , ,  then we can prove that 
X , ( - f l ) ( u O e ' ) = O ,  if and only if 

-( 8, r )  2 -deg U, - deg u2 - 1 

in the same way. 
So (a , ,  r )  2 0,  1 - ( 6 ,  r )  2 0 are always true, they imply r = 0 or r = e , .  When r = 0, 

we have deg(u,) = . . . deg( U,) = deg(6,) = 0, i.e. u = 1; when r = e , ,  we have deg( u 2 )  = 
. . . deg(u0 = deg(G) = 0, and 1 b -deg(u,) -deg(v,), but (e ,  e , )  = 1, so we prove that 

0 deg( c1) = 0, that is U = 1. 

Theorem 2. Let V, be the subspace with a basis U@ er,  where r E L and deg( u 0  e r )  E Z- 
and VI,, be the subspace with a basis uOe' ,  where r E  L and deg(uOe')  E B - - ~  in 
the representation space V of the integrable representation ( V ,  p ) ,  then we have a 
direct sum of subspaces V =  VoO V f ,  where V, and VI,> are two minimal invariant 
subspaces of vertex representation ( V ,  p ) .  
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Proof. By lemma 4.2, we know that both V,  and VI 
highest-weight modules. But V ,  has the highest weight a- ,  and 
weight a - ,  + e ,  -is, therefore V, and VI  

are the direct sums of irreducible 
has the highest 

are both integrable highest-weight modules 
0 and they are irreducible as well. 

5. Vertex representation of G$‘) 

Now we consider the finite-dimensional simple Lie algebra G2 over C. Let H be its 
Cartan subalgebra, H* is the dual space of H, then there exists an  inner product (a, b )  
and a normal orthogonal basis { e , ,  e?} in H* such that A = A, U A L  and the simple root 
system 

Suppose that { e , ,  e z }  is the dual basis of { e , ,  e,} in H, then the simple root system of 
G F i s r  = { a ; = f i e , ’ , a i  = - ( l / f i ) e ; - m e ; } .  Let y : e ; + e , ,  i = 1 , 2 b e t h e n a t u r a l  
linear isomorphism of H to H”,  then we have ? ( a ; )  = a , ,  y ( a i )  = 3 a 2 ,  and 

( a ,  b )  = b ( y - ’ ( a ) )  (x, Y )  = y ( x ) ( y )  Vu,  b E H* x, y E H. (5.4) 

Lemma 5.1. Set 

2m,  + m? 
d7 (5.5) 

which is called root lattice. Let p : A, + L be a mapping such that 
( i)  p ( a )  = p ( a + b ) ,  V u  E A,,  b E A L ,  a + b  E A , ;  
(ii) p ( a ) + p ( b )  =0 ,  V u ,  bE A5, a +  b E  A L ;  
(iii) ( a ,  - a ) + 2 ( p ( a ) , p ( - a ) )  is an  even integer number, VUEA,;  
(iv) (a, b )  + 2( p ( a ) ,  p (  b ) )  is an  odd integer number, Vu,  b E A , ,  a + b E A;  
( V I  (--a, b )  3 max(p(a1, p ( b ) ) ,  -2 (p (a ) ,  p ( b ) ) ,  Vu,  b E A, 0 Z Q + b E A, 

then there exists an  element e E A, such that 

p ( * a , ) = p ( * ( a , + a , ) ) = p ( ~ ( a , + 2 a z ) )  = *e .  (5.6) 

Pro05 Since 

(*a,)+ ( + a l )  = * ( a ,  + a , )  

(r a,) 3- (T ( a ,  + 3 a,)) = 3(  U ,  + 2a,). 
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By (i), we know that 

p ( * a z )  = p ( + ( a l  + a?) )  = p ( + ( a ,  + 2 a 2 ) )  = e , .  

By ( i i )  and  a 2 + ( - a , - a 2 ) = - - a , ~ A L ,  we know that e , + e _ = O .  
Let e ,  = e, by (v) ,  we have 0 < ( e ,  e )  s 3 ,  by (iii), we have that -: - 2( e, e )  is equal 

to an  even number, therefore ( e ,  e )  ++ is an  integer number. Therefore ( e ,  e )  = i, i.e. 
e E A , .  U 

Lemma 5.2. Suppose that F : L x L -$ { f 1 )  is a mapping such that 

&(m,a ,+mZu2 ,  n ,a ,+n2a2)  
= & ( U , ,  u , ) m l n l & ( Q l ,  a2)mln+(uZ, a, )n '2nI&(a , ,  a2)m.n. (5 .7 )  

where 

& ( U , ,  a , ) =  & ( U : ,  a.) = & ( U , ,  u2) = 1 

(i)  E (  a, b ) & (  a + b, c)  = E (  b, C ) E ( U ,  b + c), Vu,  b, c E L;  
(ii) ~ ( a , - a ) = l , V u ~ A ,  a f * ( a , + u l ) , u # i ( a , + 3 a z ) ;  
(iii) ~ ( a , - u ) = 1 , a = * ( a , + u , ) , * ( a , + 3 u ~ ) ;  
(iv) &(a,  b ) & (  b, a )  = ( - l ) ( u 3 b ' ,  V u  E A L ,  b E A; 
(v)  &(a ,  b ) & ( b ,  a )  = ( - l ) ( ' , b ) + 2 ( P ( u ' , P ' b ) ~  , V u ,  b E A, ; 
(vi) & ( U ,  b )  = - E (  b, a ) ,  Vu,  b, a + b E A. 

& ( U ? ,  a , )  = - 1  ( 5 . 8 )  

then we have 

Proof: By direct computation, we can prove that ( i ) - (v)  are true. Since ( a ,  b )  = 
-1, Vu,  a + b E A, b E AL;  (a ,  b )  = 4, V u ,  b E A s ,  a + b E A L ;  ( a ,  b )  = - f ,  a, b, a + b E A s ,  

c thus (vi) holds by (iv) and  (v). 

WeknowthatG\"hasabasisc ,d ,  r " @ a ; ,  i =  1 , 2 ,  r"Oe,,, cu~A,and themul t ip l i ca -  
tion table is 

[ c , d ] = O  [U, t " @ x ] = O  [ d ,  ~ " O X ]  = n ( r " 8 x )  V x  E G2 

[ t " O y - I ( a ) ,  r " O y - ' ( b ) ]  = n8,,-,(u, b ) c  

[ t"  @ ? - ' ( U ) ,  t m  @ e b ]  = ( U ,  b)r""@eb 

E ( a, -a  ) (  r f lTm @ y - ' (  a )  + n8,,-,,c) [ t" @ e , ,  r m  0 e - , ]  =- 
(a ,  a )  

Vu,  b E H* 
Vu,  b E H* 

2 
V U E A  

(5.9) 

[ t"Oe, ,  r m @ e b ] = O  

where n, m E 2 ,  

V u ,  bE A,  a+ b # 0, a +  b E A 

is the Kronecker symbol, and &(a, b )  is given by lemma 5.2. 
In this section, the symbols are the same as in sections 1 and  2. Let 

e = a,  = 4 e ,  (5.10) 

in (5 .6) ,  and  

p ( * a , )  = p ( * ( u , + 3 u z ) )  = p ( * ( 2 a l  + 3 a 2 ) )  = O  

and  let S -  have a basis 
(5.11) 
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where n ,  EZ--{O}, nzEiZ- - {O} .  Then V =  S ( S - ) O C { L }  and denote its complete 
spaceby  ~ , t h u s w e h a v e c o , d , , ~ , , H , ( n , ) , i = 1 , 2 , n l ~ Z , n z ~ ~ j Z ,  
k(a,  z ) ( u ~ e r )  = Z ( 3 i 2 ~ ~ o , a ~ + 3 ( a , r !  ( u O e " " )  ( 5 . 1 3 )  

(5.14) 

( 5 . 1 5 )  

where z is a complex variable. We can prove that 

€ - ( U ,  z )€ ' (b ,  W )  = Z - " ~ ' ~ ' ( Z ~ -  w')'' h ' E + ( b ,  w ) E - ( a ,  Z )  

F - ( a ,  z )F ' (b ,  w )  
/ w I < I z l  (5.16) 

F+(b,  w ) F - ( a ,  z )  I w l <  121. 
= ( z 3 - w )  3 - i p ( a ) . p t h l l  ( z  - w ) V p i a i , p i h ) i  

(5.17) 

Let 

X ( a ,  z )  = F ' ( p ( a ) ,  z ) F - ( p ( a ) ,  z ) E ' ( a ,  z ) E - ( u ,  z ) k ( a ,  Z ) E ,  V a ~ h  ( 5 . 1 8 )  

so, the Laurent series X ( a ,  z )  =I;:=-x X n  , (a)z-"  introduces the vertex operators 
X , ( a ) , V n E Z , a E A .  Let w = ~ ( - l + d ~ ) ,  then 

X ( a ,  z ) X ( b ,  zo) 
- 1  1 3  2 1 l a o l + i ( a  r !  -3!o,hi io.hi+2( p ( a , , p l  h i ,  

= & ( a ,  b ) ( z z ,  ZI)  ( z - z o )  

Y ( a ,  b ;  z, zo) (5.19) i o.hl-i p i u  ),pi h I /  ( - 2 z o )  I a,b 1-1 p (  a i,p( b j i x ( z  - W Z o )  

where 

y ( a ,  b ;  Z ,  zo) 

= F ' ( p ( a ) ,  z ) F ' ( p ( b ) ,  z o ) F - ( p ( a ) ,  z ) F - ( p ( b ) ,  zo)E+(a, z ) E - i b ,  zo) 

X E + ( a ,  z ) E - (  b, z,-,)k(a + 6, Z g ) & , + h .  (5.20) 

Obviously, the Laurent series of X ( a ,  z ) ,  X ( a ,  wz) ,  X ( z ,  w'z) give the same vertex 
operators X, , (a ) ,  V n  E Z, then 

Y ( a ,  b ;  w ' z , , z o ) = X ( a + b , z , )  i = O ,  1,2 (5.21) 

when a E A L ;  

Y ( a ,  b ;  w ' z , , , z , ) ( u ~ e ' ) = X ( a + b ,  w"z,,)w 

when a, b c A s , a + b E A 5 , p ( a ) = p ( b ) = - p ( a + b ) .  We know that 

( u O e ' )  i = 1 , 2  (5.22) t+3 i lu+h  r )  

V a , b E A  (5 .23 )  e ( a ,  b )  = & ( b ,  u ) ( - l ) ~ ~ . h l t ~ ~ P ! ~ )  P t h I I  

by lemma 5.2. As in section 3 ,  we have 

[ X , ( a ) ,  X ( b ,  z , ) ] ( u O e ' )  b ,  I f , ( a ,  b ;  z ,  zo)  dz (5.24) 
2" D 



3118 Yichao X u  and Cuipo Jiang 

where D={O< r o < \ z / <  r 1 } 3 z 0  and 

J ( a . 6 ;  z.zo) = z ~ ~ - ' E ( u ,  b ) X ( a ,  z ) X ( b ,  z , ) ( u O e ' ) .  ( 5 . 2 5 )  

For further computation, we consider the singularity of function fr in the following: 
(i)  when a, b E 3 and a + b # 0,  a + b E A, then f is not a singularity in D ;  
(ii) when a E A L ,  b, a + b E A and ( a ,  b )  = - 1 ,  p( a )  = 0, then the singularity appears 

(iii) when a, b, a + b E A, and ( a ,  b )  = -+, p (  a )  = p( b )  = -p( a + b ) ,  then the singu- 

(iv) when a, b E A,,  a + b E AL, ( a ,  b )  = f and p (  a )  = - p (  b j ,  then the singularity 

(v) when b = -a  E A L ,  ( a ,  bj = - 2  and p ( a )  = 0, then the singularity appears in 

(vi) when b = -a  E A s ,  ( a ,  b )  = -: and p ( b )  = - p ( a ) ,  then the singularity appears 

Then we have the following immediately: 

(i) [X , (a ) ,X , , , (b ) ]=O,Vn ,  m E Z , a ,  b E A , O # a + b E A .  

in ( z  - Z J ' ( Z  - W Z ~ ) - ~ ( Z  - w'zo) - ' ;  

larity appears in ( z  - z o ) ( z  - wz,)-'(z - w2zo)- l ;  

appears in ( z  - z o ) - ' ( z  - wzo)(z - w'z,);  

( z - z o ) - : ( z -  w z J ' ( 2 -  w'z,)-'; 

in ( z  - z,,-I(z - W Z ~ ) ~ ( Z  - w'zO)'. 

( i i )  [ X , , ( a ) ,  X ( b ,  z ~ ) l ( u O e ' )  

- - E ( Q ,  b ) z i " [ ( l  _ W ) - ' ( ~ - W ' ) - ~ + ~ ' ~ + ? + ' ~ ~ . ~ '  (w - 1)-'( w - w Z ) - '  

+ , , , ,hn-r4+6<a,rl(  2 -  2 -  
M' MJ w ) - ' ] X ( a + b ,  zo)(uC3e')  

= & ( a ,  b ) z ~ " X ( a + b ,  z , ) ( u O e ' ) ,  

since (a ,  r )  E h, a = + a l ,  * ( a ,  +3az) ,  * ( 2 a ,  $ 3 ~ ~ ) .  Therefore we have proved that 

[ x n ( a ) ,  X m ( b ) l = ~ ( a ,  b ) X n + m ( a + b )  V u  E A L ,  b, a +  b E A .  

(iii) 

[ Xn ( a ) 3 X ( by 2 0 )  1 ( O e 1 
X (  a + b, w'zo) - zinwh(2ath,r) X ( a + b ,  w z o ) ] ( u O e ' )  1 ( 7 a T h r 1  

= & ( U ,  b)[-z;"w 

since 

a, b, a +  b E A,, 

then 

U ,  b E ( a 2 ,  u , + u ~ , - u , - ~ u ~ }  

or  

a, b E { - a , ,  - a l - a z ,  U , + ~ U * } ,  

thus 2a + b = p a ,  + qa,, here 31q, therefore ( 2 a  + b, r )  E Z, V r  E L. In this case, 
W 3 ( 2 0 + b . r )  - - 1 ,  hence 

[ x n ( a ) ,  X m ( b ) l =  - 2 ~ ( a ,  b)Xn+m(a + b )  V a , b , a + b ~ A ~ ,  

(iv) [ X , , ( a ) , X ( b ,  z o ) ] ( u @ e ' ) = s ( a ,  b ) z ? ' ( l - w ) ( l - w 2 ) X ( a + b ,  z o ) ( u 8 e ' )  
that is 

[ X n ( a ) ,  X m ( b ) l = 3 ~ ( a ,  b)Xn+m(a + b )  VU, bEA, ,  b, u + ~ E A L .  
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m i Z  

therefore 

[ X , , ( a ) ,  X(-a, z0)l 

m + O ( m o d 3 1  
m e L  

hence 

[ X, ( a ) , Xm ( - a ) ] = 3 E ( a, -- a ) [ a ( n + m ) + n6, - m ~ O ]  V u  E A s .  

So we have proved, the following theorem 

73eorem 3. The mapping p : c + c o , d + d 0 ,  r n O y - ' ( e , ) ~ H , ( n ) , i = l , 2 ,  tnOeo+ 
X,(a), V u  E A,; t" 0 e,  + - X n ( a ) ,  V u  E A,, n E Z has given a linear representation from 
Gh" to the operator set on V, denoted by ( V, p ) .  This representation is called vertex 
representation of G:". 

Since we have six different choices of e in lemma 5.1, similarly, we can get six 
vertex representation for GI,'. 

6. The decomposition of vertex representations of GY) 

Let H I  be the Cartan subalgebra of Gill, HT is the dual space of H I ,  then there exist 
a basis in H, :  

a: ,  = d a ; = c - 2 a ; - a ;  a ;  U ;  (6.1) 
and  a basis in HT: a - l ,  a,, a , ,  az such that a,, a , ,  a2 form the simple root system. 
Then we have a non-degenerate symmetric bilinear function in HT, such that e , ,  e2 
form a part of its orthogonal basis, and  also ( a - ,  , a - , )  = 0,  ( a - ' ,  a,) = 0, i = 
1,2,  (4, a,) = 2, ( 0 0 ,  a , )  = -1, (all, a21 = 0,  (ao, a-1) = 1. 
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Supposethkit y :H ,+HYisa l inea rmapp ing , such tha t  y ( a 2 ) = 3 a 2 ,  y ( a l  ) = a , ,  -1s 
i s  1, then 

a i x )  = (a ,  y ( . x ) )  ( a ,  b ) =  b ( y  ' ( a ) )  

(x, .VI = r (x) ( .Y)  \ J a , b ~ H f  x , y ~ H , .  (6.2) 

TheimaginaryrootsystemofG(?I'isL,,={kSIk#O, k E Z ) , w h e r e S  = a o + 2 a , + 3 a , ,  

We know that p ( H , )  has a basis d,,, c,), H,(O),  i = 1,2 ,  so the root subspace decompo- 
then ( 6 ,  a ,) = 1, (6, atr) = O ,  ( 6 ,  L )  = O .  

sition is 

acted by the operator set p ( H , ) ,  where P ( V ) c  HT is the weight system of vertex 
representation (V, p )  of G;". Similarly, we have the following. 

Lemma 6.1. The weight space VA has the basis vOe ' ,  where r E L and U = 1 or  
u = h , , ( n , ) v  . . .  v h J n , ) .  In  this case A = a _ , + r + ( d e g ( v @ e r ) ) 6 .  And deg(v ) , r  are 
uniquely determined by A. 

Lemma 6.2. For any A E P (  V ) ,  we have A S a - ,  or A s a - ,  - d j  e,-iS, or A s  I5 

U - , - $  3 e z  -26 3 .  

Lemma 6.3. (V, p )  is an  integrable representation. The proofs of these lemmas are 
similar to the proofs of lemma 4.1, 4.2, 4.3, respectively. 

Lemma 6.4. P , n P ( V ) = { a ~ , + ( d e g v ) 6 , a _ , - ~ e e , + ( d e g  u-f)6}. 

Proof: For any A E P ( V ) ,  then A = a - , + r + ( d e g ( v O e ' ) ) 6 ,  by lemma 6.1. But 
A E P,, so A ( a ; )  E Z', O S  i s  2. Let r = m , a ,  + m2a2,  m , ,  m, E Z, since ( A ,  a , )  = 
(r ,  a , )  = 2 m ,  - m2EZ+,  A ( a ; )  = 3(A, a,) = - 3 m , + 2 m 2 €  Z', ( A ,  a") = ( a - , + r ,  ao) = 1 - 
m , E Z + .  Hence we have proved m , = m , = O  or  m , = 1 ,  mz=2 , i . e .  r = O  or 
r = a , + 2 a 2 =  - G e 2 .  0 

Lemma 6.5. Only 1 0  eo, 1 0  e-'2'3e3 - and h,( - i)O e 
in the representation space V, and  the highest weights are a - ,  , a- ,  - v ~  6 1  ez-/S, a- ,  - 
4 ez -is, respectively. 

- - 
-\ 2 / 3 e  

2 are the highest-weight vectors 

Proof: We know that the generators are p ( t O e - , )  = X , ( - e ) ,  p(t- '@e,) = 
X l ( ~ ) , p ( l O e , , ) = X , ( a , ) , p ( l O e - , , ) = X , r ( - a , ) ,  i =  1 , 2 .  

Let v = l  or U = ~ ~ V L . ~ V U ^ ~ ,  where v , = h , ( n , , ) v  . . .  v h , ( n , , ) , i = l , 2 , n , , ~ Z - - { O } ,  
and  

& = h , ( - + ( 3 m ,  + 1)) v . . . v h 2 ( -  4(3m5+ 1)) v h 2 ( - $ ( 3 n ,  + 2)) v . . . v h 2 ( - f ( 3 n ,  +2 ) ) ,  

m,, n, E E - .  

Since 2 ( a ,  z )&, (u@er )  = &(a ,  r)z" 2 i i u , R 1 + 3 i a , r )  ( u 0 e " " ) .  When a = a ,  E A,,  then 

X ( a ,  z ) ( v O e ' ) =  ,!?'(a,, z ) E - ( u , ,  z ) u o z ~ + ~ ~ ~ ~ , ~ )  & ( a l ,  r )  

Denote 

4,  = E ' ( a , ,  z ) E - ( a , ,  z ) u I  = E ' ( a  e , ,  z ) E - ( f i  e , ,  z)u1 
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therefore X o ( a , ) ( u O  e ' )  is determined by the coefficient of z - ~ - ~ ( ~ ~ ~ '  in 4, .  Now, the 
degree of the lowest-degree term of z in E-(& e , ,  z )  is 3 deg(u,), hence X,,(a,) (uO 
e ' )  = 0 if and only if ( a , ,  r )  2 -deg U,. When U = a, E A , ,  then 

X ( a , ,  z ) ( u @ e ' )  

= F+(G e , ,  Z ) F - ( ~  e l ,  z ) ~ + ( a ~ ,  z ) ~ - ( a , ,  z ) u  

@ Z I + 3 ( u 2 , r l  & ( a 2 ,  r )  er+az. 

Denote 

4,= F+(G e , ,  z ) ~ - ( v $  e 2 ,  z ) c 2 v  E + ( - ( I / ~ )  e , ,  z )  

x E - ( - ( I / ~ )  e , ,  z ) u l  v E + ( - ( I / & )  e , ,  z ) E - ( - ( I / & )  e , ,  z ) u 2  

therefore X0(a2) (  VO e r )  is determined by the coefficient of z - ' - ~ ( ' . ~ )  in &. Now, the 
degrees of the lowest-degree terms of z in E - ( - ( l / a )  e , ,  z ) u I ,  E-(-(l/&) e , ,  z ) u 2  
and F-(v$ e , ,  z)C, are 3 deg(u,), 3 deg(u2) and 3 deg(v',), respectively, hence X,(a,)- 
( u O e ' ) = O  if and only if l+3(a2 , r )>-3degu, -3degu, -3degv ' , .  For 8 =  
2 a , + 3 a 2 = ( l / & ) e , - ~ e 2 ~ A , ,  we can prove X , ( - 8 ) ( u @ e r ) = 0  if and only if 
-( 8, r )  2 -deg u1 - deg u2 - 1. By lemma 6.5, r = 0 or r = -4 e , .  When r = 0, then 
deg(ul) = deg( U,) = deg( C,) = 0, i.e. u = 1 ;  when r = -4 e , ,  then deg( U,) = deg( uJ = 0 
and -deg(C2) <$, therefore deg(C2) = O  or deg(v',) = -:, i.e. u =  1 or u = A,(-;). 0 

Theorem 4. Let V,,, be the subspace with a basis u 0 e r ,  where r E L and deg( u 0 e ' )  E 

Z- - j / 3 ,  j = 0, 1,2, then we have a direct sum of subspaces: V = V,+ VlI3 + VlI3 ,  where 
V,, V,, ,  , are three minimal invariant subspaces of vertex representation ( V ,  p ) .  

The proof is the same as that of theorem 2.  
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